
JOURNAL OF

JournalofGeometryandPhysics11(1993)155—180 GEOMETRYAND
North-Holland PHYSICS

A discreteapproachto topologicalquantumfield
theories

B. Durhuus
MathematicsInstitute,UniversityofCopenhagen,Universitetsparken5,

DK-2100Copenhagen0, Denmark

First,wedescribearathergeneralschemefor constructingthree-dimensionaleuclideantop-
ologicalquantumfield theories,whosebasicbuildingblocksareprovidedby therepresentation
theoryof acertainclassof (bi-)algebras.Secondly,we discussin somedetailexamples,where
thealgebrais eitherthefunctionalgebraofafinite group,thegroupalgebraof afinite groupor
adeformationof theenvelopingalgebraofaclassicalsimpleLiegroup.

Keywords: topologicalquantumfield theory,quantu,ngroups
1991MSC:81Tb, 81 T25, 81R50

1 Introduction

Theconceptoftopologicalquantumfield theory [1,2] providesausefulframe-
work for discussingthe mutualinterplay betweenquantumfield theoryon the
onehandandgeometryandtopologyon theother,andhasledto importantprog-
ressduringthelastyears (see,e.g.,refs. [3—6]).It is thereforeof interestto pro-
videtools for rigorousconstructionof suchmodels.Becauseofscaleinvariance,
topologicalQFTsaremoretractablefor rigorousapproachthanQETsin general,
whoseconstructioncanonly be carriedout with difficulties, evenin two space—
timedimensions.In thiscontributionwe discussaspecificconstructionof aclass
of euclideanthree-dimensionaltopologicalQFTs. It is basedon representation
theoreticdatafor certainassociativealgebras(orbialgebras),andgeneralizesthe
constructionsproposedin refs. [7—9].

In orderto fix notationlet us briefly recall the definingpropertiesof three-
dimensionalunitarytopologicalquantumfield theories(seeref. [2]).

In the following all manifoldsMareassumedto besmooth,oriented,compact
andthree-dimensional,and all surfacesE areassumedto be smooth,oriented,
compactandclosed.TheconnectedcomponentsoftheboundaryÔMaredenoted
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A topologicalQFT [2] associateswith eachsmooth,oriented,compact,con-
nectedsurfaceEafinite-dimensionalcomplexHilbert spaceVE, andhencewith
MtheHilbert space

VaM=Vz1®~®V~. (1.1)

The innerproducton VE will be denoted<~, >,~,andit is assumedthat, if L~*
denotesthe surfaceEwith oppositeorientation,then

V~=V~, (1.2)

whereV~denotesthe dualspaceto V~.In other words, with each Eis associated
a non-degeneratebilinearform (~, )~:V1: V~—~Csuchthat

(x,y)x=(y,x)~*, xeVE,yEVE~, (1.3)

(x,y)E—_<x,y*>x, xeVE,yeVE~, (1.4)

X~’X, XEVE, (1.5)

where(•, ),~definesthe identification(1.2), andthe mapy_*y” from V~to V1

is the compositionof this identification mapand the canonicalantilinear iso-

morphismbetweenVE andV~.
Next,to eachorientationpreservingdiffeomorphismf:X—~X’betweensurfaces

L’ andX’ is associatedanisomorphismU(f): ~ V~,in sucha way that

U(f10f2)=U(f1)U(f2) (1.6)

for anypairf2:E—*.~’andf1 E’—*E” of diffeomorphisms.
And, finally, to eachmanifoldMis associatedauniquevectorZ (M)e V~1such

thatthefollowing conditionshold:
(i) If F: M—+M’ is an orientationpreservingdiffeomorphismbetweenmani-

folds MandM’ andwesetf=FIasi: ÔM—ôM’, then

Z(M’)=U(f)Z(M). (1.7)

(ii) If M1 andM2 aretwo manifoldswhoseboundariessharea(notnecessarily
connected)surface~‘, i.e., 8M=E1 uE andc9M2=12uE*, andif M1U~M-,de-
notesthemanifoldobtainedby identifying thetwo copiesof X pointwise,then

Z(M1U~M,)=(Z(M1),Z(M2))~, (1.8)

wheretheright-handsidedenotesthevectorin V~1® V1., obtainedby contracting
Z(M1) andZ(M2) with respectto V1, i.e., if

Z(M1)=~x,
1®y~, Z(M

2)=>~x~®yJ,

wherex) E V.~,xJeV~,y~E V1,y~cV,-.,then
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(Z(M1),Z(M2))1= ~ (y,’,yj)rx,~®xi.

(iii) IfMis a manifoldandM* denotesMwith oppositeorientation,then

Z(M*)=Z(M)*. (1.9)

(iv) IfEis asurface,then

(1.10)

as an elementin V~®V~-=End(l”~-).

(v) Finally,
(1.11)

which, in particular, implies that, if M is a closed manifold, then Z(M) eC.
In the following we exhibit a class of models fulfilling (i)—(v) above. The as-

sociative*-algebras,denotedby 91, underlyingtheconstructionareintroducedin
section2 togetherwith afinite setI of irreducible* -representationsof 21 realized
on Hilbert spacesfulfilling a certainset of conditions (1)—(5), andit is shown
how aconstructionof a topologicalquantumfield theorybasedsolely on these
assumptionscanbeaccomplished.

In sections3 and4 we discussin detail someconcretecases,namelythe case
of finite groupsin section3 andthe casewherethealgebra91 is a deformation of
the envelopingalgebraof a simple classical Lie algebra (quantumgroup) in
section4.

2. General construction of models

2.1. ALGEBRAS AND REPRESENTATIONS

Weassume in the following that 91 is an associativealgebraover the complex
numbers with an antilinear involution a_*a*, and that we are given afinite set I
of irreducible*-representationsof 21 on Hilbert spaces H,, iEI. In the following
all representationsof 21 will beassumedto be * -representationson Hilbert spaces.
We assumethat thereis anotion of “tensor” productof representationsof 9!,
whichassociatesto anypair it, p of representationsfrom aclass ‘~fcontainingI, a
representationit®pe ~‘ on aHilbert space~ andwhich fulfills the following
properties(seeref. [10]):

(1) Associativity.If it, p and~arerepresentationsin ~ then

(it®p)®ii=ir®(p®ii). (2.1)
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(2) Reducibility.For i,JEI the tensorproducti®j canbe decomposedinto a
finite direct sumof representationsfrom I. Thus,if V~denotesthe spaceof in-
tertwinersbetweeni®j andk, kel, i.e. linearmappingsa:Hk—~H,ØJsuchthat

i®j(a)oa=a~k(a), a~21, (2.2)

then

N~dimV~<oo (2.3)

and

H~1=~ V~®Hk (2.4)

as91-modules,wheretheidentificationmapin (2.4) is givenby

a®v—*a(v) , aeV~,vEHk. (2.5)

NotethatN~is the multiplicity of k in i®j, and that V~is a Hilbert spacewith
innerproduct<., .> givenby

<a,fl>lk=floa, (2.6)

which iswell definedsince/‘J’1’ acommuteswith k(91), and hence is proportional
to the identityoperator

1k on Hk, sincekis irreducible.
(3) Involution.
(i) There exists a distinguishedrepresentationOEI suchthat0®i~i®0 i for

id, where denotesunitary equivalence.
(ii) For each idlthere exists a unique i “ cI suchthatN~, = 1 andN~,=0 for

J~1 ~.

(iii) (i ‘~) =i for iEI, i.e.,N?~,=1 and N?~
1=0forj~’ti.

(4) Tensorproductofintertwiners.Givenrepresentationsit, it’, p, p’ of 91 from
‘~‘and intertwiners u : ~ and v: ~ thereis acanonicalintertwiner

~ (2.7)

dependingbilinearly on uandvandfulfilling

(u’®v’)(u®v)=(u’u)®(v’v) , (2.8)

~ (2.9)

(u®v)®w=u®(v®w), (2.10)

(u®v)*=u*®v*, (2.11)

for any intertwiners u, v, u’, v’, w betweenappropriaterepresentationsin ~?.

We shallneedsomeadditionalassumptionsof amoretechnicalnature.In or-
derto formulatethese,we fix onceandfor all intertwiners

J/JkEVkkv, ç,eV~1, qEV~O, (2.12)
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which by (3) areuniqueup to multiplicativeconstants.Fixing WktO bea partial
isometryand p. and ~çDto be unitary,theyaredeterminedup to phases,andwe
assume these can be chosen such that q~= = wo and the following conditions
arefulfilled.

(5) Technicalassumptions.

(i) l,®~=,qi®l1, (2.13)

(ii) çok°( l0®a) =a~(~~,®l~), (2.14)

(iii) kçOo(a®!0) =ao (l~~~q), (2.15)

(iv) Wk~(a®fl)’ ~

Wkv ~ , (2.16)

forallaeV~,fleV~~~,

(v) F~eP\{0} fond, (2.17)
whereF, is definedby

,po (l,®~,t/,~)‘(w7®l, )oq7=F, 1,. (2.18)

Notethat theleft-handsideof (2.18) commuteswith i (2!) andhenceis propor-
tionalto 1,.

Thisfinishesthespecificationof ourassumptions.

Remark 2.1. Theassociativityconditions(2.1) and(2.10)mayberelaxedto the
following quasi-associativityconditions.

To eachtriple (it1, it2, its) of representationsfrom ‘~fis associateda unitary
intertwiner

Ø(ir1, it2, it3) :H(,,,®,~2)®,t3—3HThi®(,~2®,r3)

fulfilling thepentagonidentity

(l®Ø(it2, it3, it4))oØ(it,, ir~®it3, it4)o(Ø(ir1, it2, it3)®l)

=Ø(it1,it2,it3®it4)oØ(it1®ir2,it3,it4) (2.1’)

as operators from H((,~,®7r2)Ø,r3)®~~4to H,~,®(,T2®(,~3®Th4)),for any it1, it2, it3, it4E ~‘.

Moreover,if U,:H,~,—*H~,,i = 1, 2, 3,areintertwinersbetweenrepresentationsfrom
~then

Ø(p1,p2,p3)o(u1®u2)®u3=u1®(u2®u3)oØ(it1,it2,it3) (2.10’)

replacescondition(2.10).

Let now P,, denotethesetof possiblewaysofforming an n-fold tensorproduct
of n representationsin agiven order,i.e. the set of configurationsof parentheses
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defininga tensorproductof n representations.Givenit
1, ..., it~c ~, denoteby it,,,

the tensorproductof it1, ..., it,, corresponding to peP,,,andby H,,~the Hilbert
spaceon which it acts.A versionof MacLane’scoherencetheorem[11] implies
that 0 definesfor eachpairp, qEP,,auniqueintertwinerOpq:H,rq—~H,,psuchthat

OpqOOqr=Opr (2.19)

forp, q, reP,,,andby(2.8), (2.9), (2.11) eachØpq~5 unitary.
Furthermore,if ~ i= 1, ..., n, areintertwinersbetweenrepresenta-

tions from ~‘, we denoteby ui,, ~ the tensorproductof u1, ..., u,, corre-
spondingto PEP,,.Asaconsequenceof (2.10’) andthedefinitionof Opq it follows
that

ØpqOUqUpOØpq (2.20)

forp, qEP,,.
Usingthe Opq to keeptrackofparenthesesin tensorproductsall resultsbelow

in this sectionstill hold within this generalizedsettingprovidedthe technical
assumptions(5i)—(5v) aremodified accordingly:

(i’) ( l,®~)oØ(i, 0,j) = ~ , (2.13’)

(ii’) (Ok” (l0®a)oØ(0, i,j) =ao ((O,®l~), (2.14’)

(iii’) k(O0 (a®lo)o0(i,j, 0) =ao (l~~~~7)’, (2.15’)

(iv’) Wk° (a®fl)oØ (i,j,j “®i ) o ( l®Ø(j,j”, I ‘~) j
(1,® (w~’®l, ) ) o (1 ,®ço7~) o

Wkv o(fl®a)oO’U”, Iv i®j)o(l1~®Ø(i”, i,j))

o ( l~®(W
1’v ®l~)) ( l~®(O~’)otp’7~ , (2.16’)

(v’) F,eP\{0} foriEl, (2.17’)

whereF, is definedby

~

In the following we shall, however,mostlystick to the associativesettingfor

notationalconvenience.

2.2. VECTORSPACES

We arenow in positionto definethevectorspaceV(
1~,)associatedto asurface

E equippedwith a triangulationSt.First decorateeachlink in the triangulation
by an arrowanda labelfrom I, in an arbitraryway. Thenconsideratriangletin
5” andassumethat the labelsattachedto its links are i, j, k in cyclic orderwith
respectto the orientationoft inheritedfrom X. If all threearrowson the links in
t point in positivedirection we associatewith the labeledtriangle t the vector
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space

(2.21)

andadopttheconventionthat switchingan arrowon a link is compensatedby
applyingthe involution i—p~v to thecorrespondinglabel. ThisdefinesV~for any
configurationof arrowsandlabelson thelinks in t. Clearly,thedefinition (2.21)
only makessenseif theright-handsideonly dependson the cyclic orderingof i,
j, k, i.e., wehaveto providecanonicalisomorphisms

V~J”~ (2.22)

This is doneas follows. GivenaeV~J”,thereis auniqueàeV~,suchthat

Wko(lk®a)=Wj~o(~®l~). (2.23)

In fact, an explicit formulafor aas well asfor theinversemappingfl—~~flof a—~a
canbewritten down (seeref. [10]). Thus a—.âdefinesanisomorphismV~
V~.Moreover,it follows from assumption(Siv) abovethat

~=a, aeV~ (2.24)

(seeref. [10]), which implies that the isomorphismsa—~âyield aconsistent
identificationof thespacesin (2.22)as desired.

We thenset

~J ® V~, (2.25)
(ii) tE.~

wherethe tensorproductis over all trianglesin St andthedirect sumis overall
labelingsof thelinks 1 in St by labelsi

1E I, whereastheconfigurationof arrowson
links is fixed. By ourconventionrelatingflips of arrowsto the involution i—~~i
it follows that V(1q) is independentof the choiceof arrows.Moreover,it is an
easyconsequenceof definition (2.23) andthe fact that V/k is apartial isometry,
that the mappingsa—~.dare unitary with respectto the natural innerproducts
givenby (2.6),andhencethesedefinean innerproduct<., .>, on V~underthe
identification (2.22). Thus,anatural innerproduct <~, > ~ is definedon
V(z.q)by

= fl <at,fl,,>t, (2.26)
~ ~ (1:1’) ‘~-~‘

wherea,, flee V, for teSt,andsuchthat the direct sumin (2.25) is orthogonal.

Thus (2.25) and (2.26) defineaHilbert spaceV(1~),andwenotethat

V(11~12,.~,~2)= V(II~,,)®V(I2.9O2), (2.27)

where (X1 uL’2, St~u9~)denotesthe disjoint union of triangulatedsurfaces
(~,St1)and(12, ~
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Next, let us considerthe triangulatedsurface(1*, St*), i.e. (I, St) with op-
posite orientation,but decoratedwith the sameconfigurationof arrowsandla-
bels i1eI. Foreachorientedtriangletin St the oppositelyorientedtriangle t’

1’ oc-
cursin St* andby inspectiononeseesthat if V, = V~V thenV~.= V~k”•

There is a duality betweenthese two spacesgiven by the bilinear form
~ : V~~JVx V~kV .-~Cdefinedby

(a,fl)~l~=flo(l,~®a)o(V/1’v®lj)o(O~’, (2.28)

whichcanbe shown(seeref. [10]) to benon-degenerateandsymmetric,i.e.,

(2.29)

andto beconsistentwith theidentification(2.22), i.e.,

(a,fl)~=(à,fl)~, (2.30)

for ac V~ /3 V~kV.Hencethebilinear forms (2.28) define bilinear forms

(~,~),:V,XV~—*C, (2.31)

yielding a duality betweenV and l’~,and we may define the bilinear form
(~,)~ ~:V~

1~XV(1.~*)—~Cby

(® a,, = (n F11) fl (a,,fl,~),, (2.32)
te.9’ t,,:/ (I~s”) kS” tE9~

for a,e V,., fl,~eVp., teSt,correspondingto agivenlabelingof links in St. Requir-

ing (., . ) (lIP) to bezerowhenactingon pairsof elementsbelongingto different
direct summandsin (2.25), i.e. correspondingto differentlabelings, (2.32) de-
fines (~, )~ by bilinearity.Clearly,this form is non-degenerateandsymmet-
ric, i.e.,

(Z, Z’)(19) = (Z’, Z)11~~~1, (2.33)

for Ze V(z,.IP),Z’e V(1*.c~’*),as aconsequenceofthe correspondingpropertiesof
(., . ),, andyields adualitybetweenV(1,~,)andV(1*9*).

Defining the canonicalantilinear isomorphismZ~~+Z*from V(1*.,*) onto
V11~ as in sectionlit canbechecked(seeref. [10]) that

Z~=Z. (2.34)

Note that the insertionof the factor fl,,,1, F~ in (2.32) is importantfor the
validity of (2.34).Henceit follows that we canidentify V’~1.1,)and ~ as
Hilbert spaces.

This finishesourconstructionof the Hilbert spacesassociatedto triangulated
surfaces.
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2.3. PARTITION FUNCTIONS

Our nexttaskwill be to definethe vectorsZ(M, Y)e V(oM,ay-) associatedto
manifoldsM equippedwith atriangulation.9, which inducesatriangulation8~3~
on ÔM. The first stepis to define Z(B3, T

0)eV(S
2,aT

0), where(B
3, T

0) is an
orientedthree-balltriangulatedby a singletetrahedronT0 andS

2 = ôB3 is an ori-
entedtwo-sphere.For thispurposeweintroducethe 6j-symbols,whicharelinear
mappings

Fpq[~~]: V~® V”~,-~V’q
1® J’7j~, (2.35)

for i,j, k, 1, p, qel,definedby

(Fpq[~ ~]a®fl,y®o) l,=ao(lj®fl)o(ô*®l,)oy*, (2.36)

for aeV~~,/1EV”~,,yeV~,,ôeV.?~.Note thatthe right-handsideof (2.36) com-
muteswith i andhenceis proportionalto 1,, andthe innerproducton the left-
handsideis thetensorproductof theinnerproductson V~,andV~.We thus
have

Fpq[~ ~]eHom(V~~®V~,,V’~,®V7~)

_T7i ,c,,T7q,rs,iTJi \*,Q~jIJP\*—r q/lOirjk\OI~,Vjp) ‘&~~~‘ki)

(2.37)

which by inspectionis seento bethe spaceassociatedto (S
2, aT

0)with a config-
urationof arrowsandlabelson links in T0 a indicatedon fig. 1, andwhich is a
subspaceof V(52 OTo)

Correspondingto eachof the twelve elementsof the symmetrygroup of the
tetrahedronT0 we mayin this way for thegiven configurationof arrowsandla-
belson the links in T0 constructavector in V(s2 OTo), still with the convention

Fig. I. A labeledtetrahedron.
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thataflip of an arrowon alink 1 is compensatedby acorrespondingreplacement
i,—*i,”. It turns out, however,thataftersuitablenormalizationthesetwelve vec-
torsin V(s2OT,,) arein factequalas aconsequenceof the followingtheorem[10].

Theorem2.2. Forgiveni, j, k, 1, p, qe I the vector

Wpq[J. ~]~FpFpq[1 ~]EV~S~,~T
0~ (2.38)

is invariant under the action of the tetrahedralsymmetrygroup on thelabels,and
hence defines a unique vector in V(s2ôTo)~

Sketch of proof Sincethetetrahedralsymmetrygroupis generatedby two of its
elements,it is enoughto provethe two identities,

~ pq i I — pV pVqV k’~

[I kj [qv j
FpFpq[. i~J FeF~kv[1 (2.40)

in V(s2,aT,,).Thismeansthatconsideredaselementsin four-fold tensorproducts
of intertwinerspacesthe two sidesof theseequationsareequalup to composi-
tions with suitabletensorproductsof theisomorphismsa—~’â.

Equation(2.39) isobtainedby applyingtwicethe identity

(Fpq[~ ~](a®fl),Y®o) = (fl®ã~Fqpv[~v ~](~®o))~ (2.41)

which in turn is obtainedby a ratherstraightforwardcalculationusingthe defi-
nitionsof Fpq[~~]andtheisomorphismsa-.÷~ (seeref. [101 for details).

The secondidentity (2.40) is obtainedas aspecialcaseof the so-calledpenta-
gon identityfor the 6j-symbols,whichreads

VF(23)[n jlF(I2)[n ~l~(23)[J k
L~ qm i~I ir / pq
qrl J

~ F(13)[m klF(12)[n 11 (242)— 23 pr [u 1] im Lu ],

as operatorsfrom V~1®V~~®V~,to V~’,®V,,k®V~J,wherethe upper pair of
indicesin parenthesisindicateson which factorsin the tensorproduct the 6j-
symbol actsandP23 denotespermutationof the secondand third factor. This
identity is awell-known consequenceof associativityof thetensorproduct®
(see,e.g.,refs. [5,10]).

As aconsequenceof theorem2.2we maydefine



B. DurhuusIA discreteapproachto topologicalquantumfield theories 165

~ Wpq[~. 1leV(s2,oTO). (2.43)
i,j,k,1,p.qel Lt J

Clearly, W(T0) is independentof which configurationof arrowson the links in
T0 is chosen.Upto anormalizationfactorF

2, where

F= ~Fr2, (2.44)
1�’

W(T
0)equalsZ(B

3, T
0) as weshall seebelow.

In order to define Z(M, .9) for generaltriangulatedmanifolds (M, ,fl, we
first distributearrowsandlabelsfrom Ion the links in 5’ andconsidera labeled
interior triangle tin .~Tsharedby thetwo tetrahedraTandT’ andassumethat t

is orientedsuchthatteöTandt*eaTl. For the givenlabelingof links in 5’ con-
siderthe correspondingcomponentsof W(T) andW(T’). Denotingthelabeled
trianglesin TandT’ by t, t1, t2, t3 and t’1’, t’1, t, t~,respectively,thesevectors
belongto thesubspacesV® V,~® V,2® V,3 andV,~®V,~,0 V~,,®V~of V(s2aT) and
V(s2*aT~),respectively.Hencetheycanbe contractedby the bilinearform (.,

to avector in ~ 0 V,20 V,30~ 0V,~,0 V,~,which is asubspaceof the Hilbert
spaceassociatedto the triangulatedmanifold consistingof the two tetrahedraT
andT’ gluedalong t. Clearly, thisproceduremaybe successivelycarriedout for
eachinterior trianglein ,9, yielding a vector in V(8MaY-)after summing over all
labelings.In orderto ensureproperty(ii) in section1, it is, however, necessary to
includeafactorF ~‘ foreachinteriorlink 1 labeledby i,eI because of eq. (2.32).
This leads to the following generalexpressionfor Z(M, ,fl:

~( fl F~)(® W(T)) , (2.45)
(ii) 1EY’\a7 7EY int.5

where I .9~I and Iô~I denote the number of vertices in ~9and a~,respectively,
the summation is over all labelings of links, the tensorproductis over all tetra-
hedraTin .9, and (.) ~- indicatesthe contractionsassociatedwith interior tri-
angles.The weightfactorsF —‘ andF — 1/2 correspondingto interior andbound-
ary vertices,respectively,arenecessaryfor theindependenceof Z(M, ,9) on ST.

2.4. VERIFICATION OFAXIOMS AND TRIANGULATION INDEPENDENCE

Given an orientation preserving diffeomorphismf: X—+1’ betweensurfacesand
a labeled triangulation St of 1, the image St’=f(St) of St underf is in an obvious
way a labeled triangulation of I’. Thus, if a,e V1 for each labeled triangle teSt,
the vector ®,,,1,a, defines avectorboth in V(1,5,) and in ~ yielding a
mappingU1.9(f): V(1.~,)—o~ which maybewritten
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U11,(f)(®ai)= ® a,, (2.46)
t,,,1, tcf(S/’)

andextendedby linearity to all of V(1g~).Clearly, U1,1,(f) is unitary. Further-
more, if F: M—~M’is an orientationpreservingdiffeomorphismbetweenmani-
folds andf=FIaM:aM—~.aM’denotesits restrictionto the boundary,thenfor any
triangulationSTofMwe have

Z(M’, F(ST)) = UOMaI)-(f)Z(M, ST) (2.47)

by (2.45), (2.46).
Thisestablishesthe triangulatedversionof property(i) in section1. Property

(ii) is a direct consequenceof the definition (2.45) and (2.32) as mentioned
above,whereasproperty(iii) is aconsequenceof eq. (2.41),whichbyinspection
canbeseento beequivalentto

Z(B
3*, T~)=Z(B3,T

0)*, (2.48)

with notationasabove.Thegeneralcase

Z(M*, ST*)=Z(M, ST)* (2.49)

thenfollows easilyby an inductiveargument.
Property(v) is fulfilled by definition,whereasthetriangulatedversionof (iv)

is not fulfilled, but will be satisfiedafter removingthe triangulationdependence
as follows.

First oneprovesas in refs. [8,10] thatZ (M, ST)only dependson M and8ST.

Onethendefinesfor a surfaceI andtriangulations9~and5’~of I the mapping
h,~,1,(I): V(1,,IP ) —~V~1~by

hl~2IP,(X)=Z([0,1]XI,ST)eV~ES,~)®V(E~)
=Hom(V(1IP~),V(1,q~)),

where ST is a triangulation of [0, 1] xl such that 8ST=StTuS”2. Since
h,1,2,1,,(I) is independentof the choiceof SToneeasilyshowsthat h,1,,,1,(1) is a
projection,andthatthesupportsV’(1,) of theseprojectionscan be consistently
identified via the mappingsh1,25,~(1) yielding avector spaceV1, suchthat the
vectorsZ(M, ST)areidentifiedwith auniquevectorZ(M)e V’aM. Moreover,the
inner products<~, > ~ the bilinear forms (~, ~ and the mappings
U(1,,IP) (f) defineuniquecorrespondingones<•, >1, (, )E andU1(f) suchthat
all theconditions(i)—(v) in section 1 arefulfilled.

This finishesourgeneralconstructionof topologicalquantumfield theories.

Remark 2.3. In the quasi-associativecasethe 6j-symbolsaredefinedby
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(Fpq[~~~](a®/3), y®ô~~l,

=ao ( l
1®fl)oØ(j, k, l)o (ö*®l,)oy*, (2.36’)

asanoperatorfrom V~0V~,to V~,,,0 V~.Likewisethe definitionof thebilinear
form (., .)k’~ is modifiedto

(a, fl)~V . l~=flo ( l,~®a)oØ(i i,j)~ (~7v®lj)oqi~’, (2.28’)

for aeVt”, /JeV~Vk ~, andthedefinitionof theisomorphismsa—pabecomes

wk0(lk®a)00(k,i,j)=ct~V0(a®lI), (2.23’)

foraeV~,deV~’.
Theproofof theresultsleadingto theorem2.2 arethenessentiallyidenticalto

thosein theassociativecase.

Remark2.4. The simplesttriangulationof the three-sphere53 is obtainedby
gluing two tetrahedratogetheralongall four pairsof triangles.Using thistrian-
gulationonefinds

Z(5
3)=l/F. (2.50)

Usingatriangulationof 51 X S2with six tetrahedraobtainedby gluing together

two identicalprisms,eachtriangulatedby threetetrahedra,oneobtains
Z(S’x52)=l,

providedthetwo identities

N~•=N~, ~ FN~=(F,.F
1)’, (2.51)

ke I

holdfor i, j, kel, which will turn out to be the casein the examplesdiscussedin
sections3 and4.

3. The caseof finite groups

3.1. FUNCTION ALGEBRAS

The simplestcasein which ourassumptions(1)—(5) in section2 maybe im-
plementedis presumablywhen91 is the functionalgebraovera finite groupG,
i.e., 91= ~F(G)= {f: G—~C}with pointwiseadditionandmultiplicationandwith
complexconjugationas involution.F(G) is a commutativefinite-dimensional
algebraover C, whoseirreducible * -representationsareonedimensionalandla-
beledby the elementsin G:
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itg(f)f(g), feST(G),geG,

wherethe right-handsidemeansmultiplicationbyf(g) in C equippedwith the
standardinnerproduct.

Thus,identifying itg with geG we choose1= G= ‘~C,H1=C for ieGandset

i®j=ij, jV,,,j_I

for i,jeG.
Settingu®v= u® v, for given intertwinersu andv betweenrepresentationsin

I, the assumptions(1 )—(4) in section2 aretrivially satisfiedwith 0=e, wheree
is the identity in G, and

Nk_ö Jl ifij=k, 3,j ,j,k — 10 otherwise. ( .1)

Choosing

i,t’~

to bethecanonicalidentificationx®y—~xyit follows easilythat thenon-zeroin-
tertwinerspacesV~,,j= k, canbecanonicallyidentifiedwith C as Hilbert spaces
andthatthebilinear forms (, )~,reduceto the canonicalform (‘, ‘) : CXC—b C
givenby (x, y) =xy. Moreover,thetechnicalcondition (5) is thentrivially sat-
isfiedwith

F,=l , (3.2)

Fpq [~~]~kI,pöjk,qÔjp,iôqI,i. (3.3)

In the definition (2.4~)of Z(M, ST) the sumin thiscaseis over all labelings
of links in ST by elementsin G, and (3.3) showsthat only configurations,for
which the orderedproductof labelsaroundeachtrianglein STequalseeG, con-
tributeto the sum.Notingthat by (2.44)and (3.2)

F=IGI , (3.4)

weget for aclosedmanifoldM that

Z(M)=Z(M,ST)=1G1’”’IV(G,ST)I, (3.5)

where I V(G, ST) I denotesthe numberof elementsin the set V(G, ST) of map-
pingsfrom the setof links in STto G fulfilling the constraintthat the ordered
productof elementsaroundeachtriangleequalse (assumingsomefixed config-
urationof arrowsandreplacingin the productthe label g on a link by g—‘if the
arrowpointsin negativedirection).

This modelwas introducedby Dii kgraafandWitten in ref. [12]. In fact, they
introducedaclassof modelsdependingon achoiceof three-cocycle
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w:GXGXG-*U(l)

for the groupG, andthe modeljust discussedcorrespondsto the trivial cocycle.
The modelscorrespondingto generalcocyclesw areobtainedsimilarly in our
frameworkby regardingthe previoussetupin a quasi-associativesettingwith as-
sociativityisomorphisms0 ( i,j, k) givenby

Ø(i,j,k)=w(i,j,k) , i,j,keG. (3.6)

Sincew ( i,j, k)EU (1) it is trivially aunitaryintertwinerbetween(i®j)®k and
i® (j®k) andthepentagonidentity (2.1’) for it

1, it2, it3, it4e G ‘If reducesto the
cocyclecondition

w(i,j, k)oi(j, k, l)w(i,jk, I) =w(if k, l)w(i,j, kI) . (3.7)

Equation(2.10’) is trivially satisfiedin thiscase.Let usassumethatw is such
that

w(i,j, k)= 1 ifee{i,j, k} , (3.8)

w(i, i’,j) = 1 =w(i,j,j’) for i,jeG. (3.9)

Then,letting ~,, ,p and~t’,be asabove,it follows that the intertwinerspacesV~,
ij= k, maystill becanonicallyidentifiedwith C with thestandardduality relation,
andonecaneasilyverify thatthequasi-associativeversionof properties(1)—(5)

in section2 aresatisfiedwith

F,=l, F=IGI,

Fpq [i. ~]= ôkl,p ~jk,qöJp,, öq/,j (U ~, k, 1). (3.10)

The only not entirely obviousproperty is the symmetry relation (Siv), which
requires

w(i,j, (if) 1)=o(j 1 ~_I, ~f)
andwhich is arathersimpleconsequenceof (3.7)—(3.9).

Again it follows from (3.10) thatonly configurations(I,),,, in V(G, ST) con-
tributeto Z(M, ST) andfor such a configurationthe weightof eachlabeledtet-
rahedronT equalsw ( i, j, k), where i, j, k are the labelson the threelinks in a
fixed non-closedpathon T orderedaccordingto the orientationof T as canbe
readoff from fig. 1. Denotingthe labelson the links in the chosenorderedpath
in Tby i, (T), I2 ( T), I3 (T), taking into accountthe configurationof arrows,we
thusget for a closedmanifoldM,

Z(M)=Z(M, ST)

[“I w(i1(T),i2(T), i3(T)) . (3.11)
(ii)1.~reV(G..Y) Te~T
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In ref. [12] the partitionfunctionsfor somemanifoldsM were calculated,as
well as the dimensionsof the vectorspacesV1.We shallnot discusstheseexam-
plesfurtherhere,but notethattheyillustratenicelythefact thatdifferentmodels
maybeconstructedfor thesamealgebracorrespondingto differentchoicesof the
associativitymaps0 ( i, j, k). Alternatively,the cocyclesmaybe regardedas de-
fining differentquasi-Hopfalgebrastructureson the sameunderlyingHopfalge-
bra F(G) as notedby G. Felder(privatecommunication).

3.2.GROUPALGEBRAS

A constructionrelatedto theonediscussedaboveis basedon thegroupalgebra
C [G] of a finite group G. This algebramayconvenientlybe consideredas the
complexvectorspacewith basisGandwith multiplicationdefinedby extending
the multiplicationon G bilinearly,andinvolution given by the conjugatelinear
extensionof theinversiong—~g’on G. In fact, thisalgebraisalsoaHopfalgebra
with comultiplication

Ag=g®g, geG,

andantipode

S(g)=g’, geG.

As is well known the finite-dimensional * -representationsof C[G] are ob-
tainedas extensionsof finite-dimensionalunitaryrepresentationsof G, andthey
arecompletelyreducible.Thus,wechoosefor I a set of representativesfor each
equivalenceclassof irreduciblerepresentationsof G andwe define the tensor
productit®p for two finite-dimensionalrepresentationsit andp of C[G] in the
usualway by settingH,,fi~,.= H,,®H0 as Hilbert spacesand

it®p(g)=it®p(A(g))=it(g)®p(g), geG.

Furthermore,the representative0 in I of the trivial representationis assumedto
begivenby

H0=C, 0(g)=l forgEG.

Defining thedualrepresentationit’ on H,,~= H~by

it’(g)=it(S(g))’=it(g’)’, gEG,

whereA’ denotesthedualoperatorto A, it is well known,andeasyto show,that
(1) if it is irreduciblethenso is it’,

(2) it®p containsthe trivial representationif andonly if p is equivalentto it’

andin this caseit contains0 with multiplicity 1,
(3) it”=it if H~*is identified with H,1.

Using thiswe maydefine i v for iEI, to bethe representativeof the equivalence
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classof i’m I. The properties(1)—(4) in section2 thenfollow immediately,if
onedefinesthe tensorproductu®vof intertwinersto be the ordinarytensor
productofoperators.

As qi,:C®H,—*H1 and ,(O:H,,®C—~H,we choosethe canonicalidentifications
givenby

(O1(!®X)=X=,(O(X®l), xeH,,

implying thevalidity of (5i)—(5iii).
The choiceof Wk:Hk®HkV —IC requiressomemorecare. Let for each id the

mappings

V/:H
1’®H~-.4C, yi~’:H

1®H7—*C

begivenby

(3.12)

for xeH,,feH7, where (., .) denotesthe canonicalbilinear form H7XH,,—C,

andwherew, isasign to bedeterminedbelow.If I # i ‘~, chooseunitaryintertwiners
u,,:H1~—~H7, u,V:H,,—+H7V,

suchthat

(3.13)

Sinceu, andu,V arebothdeterminedup to a phaseandbothsidesof eq. (3.13)
areintertwinersbetweeni V ®j and0, andthe latter occursin i ®i with multi-
plicity 1, it follows thatthe phasescanbe chosensuch that (3.13) is fulfilled,
providedi ~ i An easycalculationshowsthat (3.13) is alsofulfilled with ~
replacingI, if (U, V = w,.

If, on the otherhand,i = i V thenu,= u, , andwecannotexploit the arbitrary
phasein orderto ensurethe validity of (3.13). Using the definition of 1f1 and
~ andthefact that0 occurswith multiplicity 1 in i®i it is, however,straightfor-
wardto verify that

W,V/°(u,® 1,) = ±i/i,”. ( lOu,) , (3.14)

wherethe + sign occursif 0 is containedin the symmetricpartof i®i with re-
spectto theflip x®y—*yOx on H,,®H,,, andthe — signoccursotherwise.It iswell
known (see,e.g.,ref. [13]) that this sign factorequalsthe so-calledFrobenius—
Schurindexof i, denotedby i~,andthat

— J 1 if i is areal representationof G,

— —! otherwise,

for anyself-dualrepresentationi.
If the+ sign holdsin (3.14) for all i = i V eI wesetw,= 1 and
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~1~o(u1®l1)=~”~ o(l,V ®u,~) (3.15)

for eachid andan easycalculationthenshowsthatproperties(Siv) and (5v)
arefulfilled with

F1’=dimH1 (3.16)

for id. Moregenerally,onefindsthefollowing result.

Theorem3.1. Assumethat i—~w,e{ ±1 } is an extensionofthe Frobenius—Schur
index~,, to all ofI, whichfulfills

~1~I~k

1 ifN~~0. (3.17)

If~,is definedby(3.15)for id, thenall properties(1)—(5) in section2 aresatisfied
with

F~’=a,,dimH,, F=~(dimH
1)

2=IGI.
‘El

The prooffollows by astraightforwardcalculationafter substituting (3.15)

into (2.16) andusing (3.12)and (3.17),andis left to the reader.
We notethat all finite abelian groups as well as all groups whoseself-dualrep-

resentationsareall real, suchas the symmetricgroups,arecoveredby this theo-
rem,sincewe maychoosew,= 1 for all iel.

An obviousquestionis whetherthereexistsaduality transformationrelating
thetwo constructionsoutlined in this section.We do not havean answerto this
question.A kind of hybridof thetwo constructionsshouldbeobtainableby con-
sideringasuitableclassof representationsoftheHopfalgebraD,,~= ST( G)®C[G],
introducedin ref. [14], dependingon athree-cocyclea~on G. This algebrawas
usedin ref. [15] for a surgeryconstruction(seeref. [4]) of a topologicalquan-
tum field theoryandit was conjecturedto coincide with the Dijkgraaf—Witten
modeldiscussedabove,for the samechoiceof three-cocyclew.

4. Thecaseof quantumgroups

In this sectionwe explainhow deformationsof the envelopingalgebrasof the
classicalfinite-dimensionalLie algebrasgive riseto a realizationof assumptions
(1)—(5) in section2 andhenceto a topologicalquantumfield theory.

DenotingtheCartanmatrix for aclassicalsimpleLiealgebra~ by (a
11), ~

whichwefor simplicityassumeis symmetric,therelationsdefiningthedeformed
algebra91 = °11~overC aregiven in termsof generatorsE,, F,, K,,, KI’, 1 ~
as follows:
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K,I<~=K1K,, K,K1’=KI’K,,=l,

K,E1KI’ qaIJ/
2E K,,F,,K1’ qa~J/2F

1-au [EF]oK~K~
~ (_1)~[ ‘~1E a~J_n)E~E?0,i~j,

n=0 L n Jq

1—a,~ rl....a.1
~ (—1 )“ “ ~ =0, i~j,

n=0 L n Jq

where

Fri — [r]q! [r] ‘— fl
L5]q~[s]q![rs]q!’ ~, q—q-’

for q acomplexnumber~ ±1 andr, s integers.In the limit q—* 1 onerecoversthe
relationsdefining~ with K=qH~/2

91 hasaHopfalgebrastructurewith comultiplication4:91-~91021givenby

4(K,)=K~®K,,, 4(E
1)=K,®E,+E,®K~’,

(4.1)

andwith antipodeS:91—~91givenby

S(K,•)=K1’, S(E,)=—qE,, S(F,)=—q’F,.. (4.2)

For I q I = 1, 91 is an associative* -algebrawith involution a -~ a* givenby

K
1’=K1’, E~’=F,,. (4.3)

It follows from (4.1) and(4.3) that

A(a)*=A~(a*) (4.4)

for ae91,where(a®b)*=a*®b* for a, be91 andA’ denotesthe oppositecomul-

tiplicationobtainedfrom A by setting
4’(a)=PoA(a), (4.5)

whereP:91®21—~’21®91is the flip givenby P(a®b) = bOa.

Thereexistsan invertibleelementR e91091suchthat
RA(a)=A’(a)R foraE91. (4.6)

In fact, onecanchooseRe91~®91, where91~and91 arethe subalgebrasof 91
generatedby K,,, E, i= 1, ..., m, andK,, F,, i= 1, ..., m, respectively,andexplicit
formulaeforR havebeenobtained(see,e.g.,ref. [16]). Furthermore,Re91±®91
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is uniquelydeterminedby (4.6) up to aconstantfactor,which canuniquelybe
fixed suchthat

(4®l)R=R,3R23, (l®4)R=R,3R,2, (4.7)

aselementsin 91091091,whereR,2=R®l,R73=1®Retc. (seeref. [17]).

Fromthe uniquenessof Re21±®2L it follows that
R*=P(R~) . (4.8)

We shallalsoneedthe fact (seeref. [18]) thatthereexistsaninvertible central
elementcc21 suchthat

R21R,2~4(c)=c®c (4.9)

in 21091,whereR~2=RandR2,=P(R).
If q is not arootof unity the representationtheoryof 91 is essentiallythe same

as for ~ in the sensethat the finite-dimensionalrepresentationsof 91 canbe ob-
tainedas deformationsof thoseof ~ (seerefs. [19,20]). If q is a root of unity the
situationisdifferentandit isconvenientto distinguishrepresentationsaccording
to whethertheir q-dimensionvanishesor not.Theq-dimensionof afinite-dimen-
sionalrepresentationit of91 is definedas

dim0it=trit(K~0), (4.10)

wherepis halfthe sumof positiverootsand

K~=flK~” (4.11)

if fl=~7~~ma, is an elementin the root lattice,anda,, ..., a,,, arethe positive
simpleroots.

If q=e1E~~’,where1 is an integerbiggerthanthe Coxeternumberfor ~ wecon-
siderthe set of dominantweights~ for ~ fulfilling

a V > <1 forallpositive rootsa. (4.12)

The correspondingirreduciblehighestweight representationsof ~ canthenbe
shown,asin refs. [19,20], to bedeformableinto irreducibleinequivalenthighest
weight representationsitA of 91 with positiveq-dimension,andconstitutea maxi-
mal set of representationswith theseproperties.It follows from Shapovalov’s
determinantformula that theserepresentationsare * -representationswith re-
spectto apositivedefinite innerproduct,which is uniqueup to apositivecon-
stantmultiple (seeref. [21]). For this to holdthe restrictionon the valuesof q
is important.

We now let I be aset of representativesfor eachof the equivalenceclassesof
representationsit2, where,~fulfills (4.12),andwechoosefor thetrivial represen-
tation therepresentative0 actingonH0=C by
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0(K,.)= 1, 0(E,)=0(F,)=0, i= 1,...,m. (4.13)

0 is alsocalledtheco-unit.
We havethus defined(91, 1) andproceedto establishproperties(1)—(5) in

section2.
First, in orderto definethe involution i—~j V on I we definethe dualrepresen-

tation it’ to afinite-dimensionalrepresentationit of 91 actingon fI,1~=H~by

it’(a)=it(S(a))’ (4.14)

for ae91.It is not hardto seethat it~ is equivalentto a representationit
1~for a

weight )~‘fulfilling (4.12).Furthermore,it” is equivalentto it, sincethereexists
an invertible elementuE91 suchthat

~1 —l

S~(a)=u au, (4.15)
for ae2i (seeref. [22]). Using this we maydefine jE, for id, to be the repre-
sentativein I of 1’.

Next,wedefinethetensorproductir®p for it, pe ‘If, theclassofrepresentations
equivalentto finite direct sumsof representationsin I. First, definethe represen-
tationir~pby

it~p(a)=it®p(4(a)), ae9l, (4.16)

actingonH,,®H0. Since91 is not semisimplewhenq isarootof unity, it turnsout
thatthisrepresentationisgenerallynot completelyreduciblein generalfor it, pcI.
However,thereexists (seerefs. [23,24]) auniquedecomposition

H,1®H~=Z,10~H,1~ft,

whereZ,,0 is adirect sumof indecomposable91-modulesall of which havevan-
ishingq-dimensionandthe restrictionof it~’pto ~ is a directsum of repre-
sentationsin I. Furthermore,

(4.17)

for arbitraryrepresentationsit, p, tje ‘If.
Thus,letting it®p denotetherestrictionof itt~pto H,1~/2it follows from (4.17)

andcoassociativity

(A®l)o4(1®A)oA, (4.18)

thatproperties(1) and (2) arefulfilled, providedwecanshowthat it®p is a * -
representationwith respectto an innerproducton H,,~,,.In orderto accomplish
thiswe firstnotethattherestrictionto H,1~of thestandardinnerproduct<., •>

on H~®H0inheritedfrom H,, andH0 doesnot applybecauseof eq. (4.5), since
A #4’. However,combiningeqs. (4.6) and (4.5) it follows that it®p is a * -rep-
resentationwith respectto the sesquilinearform
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<x,y>R=<it®p(R)X,Y>, x,yeH,,~,,. (4.19)

Becauseof uniquenessup to constantfactorsof sucha sesquilinearform on each
irreduciblesubspace,it follows thattherestrictionof <~, > R to eachirreducible

componentHk ~ G,,~is proportionalto the innerproducton Hk. Thus in order
to obtain an innerproductfrom <~, > R it hasto be multiplied by a suitable
constant.Thiscanbedoneasfollows. Let i, j, kel andassumethatk is contained
in i®j. Denotingtheconstantmultiplying (, > R onH,.~ H,®~by c~the require-
ment is that

~ k, ~

c,J\x,y,’R=c,JS,y,x)R, x,ye k,

or, by the definition of <, >R,

c~,i®j(R)=c~(i®j)(R*) onHk. (4.20)

Inserting(4.8) into (4.20) thisyields

i®j(R2,R,2)=c~/c~. (4.21)

Comparingeq. (4.21) to eq. (4.9) we seethat sincec belongsto the centerof 2!
andhenceactsasmultiplicationby aconstantc, on eachH,, id, we haveto choose
c~, suchthat

cij/c~=cjcj/ck.

Belowweshowthatc,, iel, is aphase.Hencewemayset

c~=~/\/~J~, (4.22)

wherethe squarerootshaveto be chosenso as to ensurepositivity of c~,<x, x> R

forxeH,.~H,®1.Usingthat<, >R equals<~,~> in thelimit q—~1for fixed i,j, k,
the squarerootsmustbechosenas continuousfunctionsof q (Req> 0) tending
to 1 asq—1.

This definesthe desiredinnerproduct on H,®1 for i, Id andhencealso on
H,,~ for it,pE ‘If. As a consequenceof eq. (4.7) andthe factorizedform (4.22)
of thefactorsc~, it follows easilythatthisinnerproductis compatiblewith asso-
ciativity, i.e., it definesauniqueinnerproducton H,,~®,,for it, p, t~c ‘If.

Note that wehaveassumedabovethat the form <•, > R doesnot vanishiden-
tically on H,.~ H,®1, a factwhich follows by continuity for fixed i, I, k andI large.
We shallnot discussthegeneralcasefurtherhere.

Thus we haveverified conditions(1) and (2) of section2. As concernscon-
dition (3) it is easyto checkfrom the definition of A andthetrivial representa-
tion 0 that H,®0 =H,®C, H0®, —C®H, andthat i®0=i~0and0®i=0~iare
equivalentto i via thecanonicalidentifications

(O1:).®x-±Lv, ,ço:x®~—*)~x. (4.23)
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That 0 is containedin i V ®J if andonly if i=j, andthat N?VJ= 1 is seenin a
similarway as in the groupcase:Considerirreduciblerepresentationsit andp of
2! andidentify H*,,®HP with Hom(H,,,H0). Thenthe actionof the representa-
tion it’®p of 21091on TeHom(H,,,,H0) is givenby

it’®p(a®b)T=p(b)Tit(S(a)).

Usingthis onefinds by direct calculationinserting4(E,,), 4(F,,) and4(K,,),re-
spectively,for a®b, thatit’®p contains0 with invariantvectorT0e Horn(H,,, H0)
if andonly if

p(a)T0=T0it(a) forae9l,

i.e., T0 is anintertwinerbetweenit andp. For it andp irreduciblethismeansthat
it andp areequivalentandthat T0 is uniquelydeterminedup to aconstantfactor
in C. Moreover,sincein this case<To, T0 > R#0 aswe shallseebelow, it follows
that0 is adirectsummandin it’~p,sincethe orthogonalcomplementto T0 with
respectto <~, >~in H*,,®HP is invariant under it’~p. Thus it follows that0 is
containedin ir’®p if andonly if it andp areequivalentandproperty (3) is proven.

Property(4) follows immediatelyif onedefinesu®vas therestrictionof u®v
to H,,~,,,for intertwinersu:H,,—~H,,,andv:H0—~H~,with it, it1, p, p,e ‘If.

Finally, we establishproperties(5i)—(5v). Of these (5i)—(Siii) are obvious
from the definition (4.23)of(O, and,,ço. Moreover,(O,and,~iareunitary,sincethe
innerproductson C®H,, andH,,®C equalthestandardinnerproducts,as follows
by noting that0®i(R) = i®0(R) = 101 by the explicit formulafor R quoted,
e.g.,in ref. [16], and,as aconsequence,c0 = 1.

Property(5iv) is less trivial, but canbe obtainedin a similar way as in the
groupalgebracase.First,we notethat theelement

u= ~ b~S(a~), (4.24)

wherea~, b2E 91 aregivenby

R= ~ a~®b1 (4.25)

fulfills eq. (4.15) (seeref. [22]), andthat

c
2=uS(u) , S(c)=c (4.26)

(seeref. [18]). Wecanthenconcludethat i(u) and i(c)=c, areunitary for id

as follows: Sincetheelement
(4.27)

fulfills S2(a) = KaK1 for ae91, which is easilyverifiedfor thegeneratorsof 91by
direct calculation,it follows that uK belongsto the centerof 91. On the other
hand,it follows fromtheexplicit formulaforR [16] andfrom (4.24)that u acts
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on ahighestweightvectorinH,, id, as multiplicationbyaphase,if I~I= 1. Since
thisis obviouslyalsothecasefor K, it follows that i(u) i(K) equalsa phase.Since
i(K) is unitary we concludethat i(u) is unitaryandhence1(c) =c, is a phaseby
eq. (4.26). In fact wecanconcludethat

i(uc_l)=i(K*) (4.28)

by computingthenorm 1111I,,®,oftheinvariantvector1= l,eH,~®,~ Horn(H,, H,).

We getby using (4.24)

IIIII~,®,= <i’®i(R)I, I> =tr(i(uc’)).

Thusit follows thattr(i(uc’ ) ) ~0. Sincealsotr(i(K*) ) =tr(i(K) ) =dim,,, 1>0
for id, (4.28) follows, and

IIIII~®,,=dimqi fond. (4.29)

Moregenerally,wegetfor TeH1,®,

<T,I>,,®,=tr(i(K*)T) , (4.30)

where<~, >,,®i denotestheinnerproducton ~
Using (4.15) andidentifying H, ®H,~with Hom(H7,H7) it follows that an

invariantvectorin H,,®,~is i(K*)t andthat

Ili(K*)h1L
2®,,=tr i(K)=dimqi , (4.31)

<5, it(K*)t>i®,,=trS, (4.32)

for SeH,,®,,~Hom(H7, Hfl.

We thusdefinethe intertwiners

yi :H,,®,-±C, ~‘ :H,®,,-±C,

tr(i(K*)T) trS (4.33)
dimq i dimq I

which arepartial isometricsby (4.29)—(4.33),oi, beingasignto befixed below.
Their adjointsarereadilycalculatedto

‘* )— w,I l~*( )_ i(K*)l
W

t (~L ~dirnqi’ ~“ ~ ~dimqi’

for ,ueC.
We now choosefor i ~ “ unitary intertwinersu, : H,V ~ H7 andu• : H,—~H~’V

suchthat

whereasfor i ~ wefind that
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w, ~ o (u,® 1,) = ±çíì’ o (1, V ®u,)

for every intertwineru, : H,,-+H7 betweeni and i’ by directcalculation.Herethe
signon theright-handside,whichis acontinuousandhenceconstantfunctionof
q, maybedeterminedby letting q—* 1, thusreducingto theclassicalgroupcase,in
which it is againdeterminedby whetherthe invariantvector in H,,®H, is sym-
metricor antisymmetricundertheflip x®y-+y®x. Fixing w to bethis sign, it is
wellknownandrathereasyto see [10] thatonecanchoose

a),=i(K’20) fond.

Sincew, clearlyfulfills

W,,Wj(Okl ifN~#0,

wemayproceedto define

lfI,U/~o (u,®l,,)~’~~(l,~®u,~)

for id, andastraightforwardcalculationleadsto properties(Siv) and(5v) with

F, =w, dimq I

Thisfinishesourdiscussionof thequantumgroupcase.
Let us finally remarkthatthe SU(2) casewasdiscussedin ref. [8], wherealso

someexplicit calculationswerecarriedout. Furthercalculationaltechniqueswere
developedfor thiscasein refs. [25,26] andshouldbeextendablealsoto thegen-
eralcase.

I wantto thankHansPlesnerJakobsenandRyszardNest for collaborationand
discussionson topicsdealtwith in theselectures.Thanksarealsodueto JørnB.
Olssonfor usefuldiscussionson representationsof finite groups.

Finally, I thankthe organizersfor inviting me to lectureatthisschoolandfor
providingsuchastimulatingatmosphere.
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